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Q. 1 Consider the following signal:

𝑥(𝑡) = 1 + sin(4𝜋𝑡) + 2 cos(4𝜋𝑡) + cos(6𝜋𝑡 + 𝜋
4
)

(a) What is the fundamental pulsation 𝜔0?

Solution:

The fundamental pulsation is 𝜔0 = 2𝜋.

(b) Compute its Fourier series:

Solution:

Expand 𝑥(𝑡) in term of complex exponentials using Euler

𝑥(𝑡) = 1 + 𝑒𝑗2𝜔0𝑡 − 𝑒−𝑗2𝜔0𝑡

2𝑗
+ 2𝑒𝑗2𝜔0𝑡 + 𝑒−𝑗2𝜔0𝑡

2
+ 1

2
(𝑒𝑗(3𝜔0𝑡+𝜋

4 ) + 𝑒−𝑗(3𝜔0𝑡+𝜋
4 ))

= 1 + ( 1
2𝑗

+ 1)𝑒𝑗2𝜔0𝑡 + (− 1
2𝑗

+ 1)𝑒−𝑗2𝜔0𝑡 + 1
2
𝑒𝑗𝜋

4 𝑒𝑗3𝜔0𝑡 + 1
2
𝑒−𝑗𝜋

4 𝑒−𝑗3𝜔0𝑡

= 1 + ( 1
2𝑗

+ 1)𝑒𝑗2𝜔0𝑡 + (− 1
2𝑗

+ 1)𝑒−𝑗2𝜔0𝑡 +
√

2
4

(1 − 𝑗)𝑒𝑗3𝜔0𝑡 +
√

2
4

(1 + 𝑗)𝑒−𝑗3𝜔0𝑡

The Fourier series coefficients are:

𝑥[0] = 1

𝑥[2] = 1 − 𝑗
2

𝑥[−2] = 1 + 𝑗
2

𝑥[3] =
√

2
4

(1 + 𝑗)

𝑥[−3] =
√

2
4

(1 − 𝑗)

𝑥[𝑘] = 0 for all other k

Q. 2 Fourier Series of a periodic square wave

(a) Compute the Fourier series of the periodic signal of period 𝑇  (taking 𝜔0 = 2𝜋
𝑇 ):

𝑥(𝑡) = {1 if |𝑡| ≤ 𝐿
0 otherwise
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Solution:

𝑥[0] = 1
𝑇 ∫+𝐿

−𝐿
d𝑡 = 2𝐿

𝑇

For 𝑘 ≠ 0:

𝑥[𝑘] = 1
𝑇

∫
+𝐿

−𝐿
𝑒−𝑗𝑘𝜔0𝑡 d𝑡

= 1
𝑇

[− 1
𝑗𝑘𝜔0

𝑒−𝑗𝑘𝜔0𝑡]
𝐿

−𝐿

= 1
𝑘𝜔0𝑇

(𝑒𝑗𝑘𝜔0𝐿 − 𝑒−𝑗𝑘𝜔0𝐿

𝑗
)

= 2sin(𝑘𝜔0𝐿)
𝑘𝜔0𝑇

= sin(𝑘𝜔0𝐿)
𝑘𝜋

(b) Compute the Fourier series of the Dirac comb of period 𝑇 :

𝑦(𝑡) = ∑
+∞

𝑘=−∞
𝛿(𝑡 − 𝑘𝑇 )

Solution:

The Fourier series coefficients are given by:

𝑦[𝑘] = 1
𝑇

∫
𝑇
2

−𝑇
2

𝑥(𝑡)𝑒−𝑗𝑘𝜔0𝑡 d𝑡

Evaluating the integral, we find that all coefficients are equal to 1
𝑇 .

(c) Compute the Fourier series of:

𝑧(𝑡) = 𝑦(𝑡 + 𝑇1) − 𝑦(𝑡 − 𝑇1)

Solution:

Using linearity and time-shifting properties of the Fourier series, we find that the 

coefficients are:

𝑧[𝑘] = 𝑦[𝑘](𝑒𝑗𝑘𝑇1𝜔0 − 𝑒−𝑗𝑘𝑇1𝜔0)

= 𝑦[𝑘] (2𝑗 sin(𝑘 𝜔0 𝑇1))

= 2𝑗
𝑇

sin(𝑘 𝜔0 𝑇1)

(d) Derive the solution of question (a) from the answer of question (c)

Data Science
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Solution:

We can notice 𝑧(𝑡) is the derivative of 𝑥(𝑡), we can use the differentiation property

𝑧[𝑘] = 𝑗𝑘𝜔0𝑥[𝑘]

Thus,

𝑥[𝑘] = 𝑧[𝑘]
𝑗𝑘𝜔0

∀𝑘 ≠ 0

= 2 sin(𝑘 𝜔0 𝑇1)
𝑇 𝑘 𝜔0

When 𝑇1 = 𝐿, it is the same result as in question (a) if we take the mean 𝑥[0] = 2𝑇1
𝑇 .

(e) How many terms are needed to capture 95 % of the signal 𝑥(𝑡) power as a function of 

𝛼 = 2𝐿
𝑇 ?

Solution:

The power of the signal is :

𝑃 = 1
𝑇

∫
𝑇

|𝑥(𝑡)|2 d𝑡

= 1
𝑇

∫
+𝐿

−𝐿
12 d𝑡

= 2𝐿
𝑇

= 𝛼
The power of the signal is also given by Parseval’s theorem:

𝑃 = ∑
+∞

𝑘=−∞
|𝑥[𝑘]|2

The power 𝑃𝐾 of signal approximated by the 2𝐾 + 1 first terms:

𝑃𝐾 = |𝑥[0]|2 + ∑
𝐾

𝑘=1
|𝑥[𝑘]|2 + |𝑥[−𝑘]|2

= (2𝐿
𝑇

)
2

+ ∑
𝐾

𝑘=1
(sin(𝑘𝜔0𝐿)

𝑘𝜋
)

2

+ (sin(−𝑘𝜔0𝐿)
−𝑘𝜋

)
2

= 𝛼2 + ∑
𝐾

𝑘=1
(sin(𝜋𝑘𝛼)

𝑘𝜋
)

2

+ (sin(−𝜋𝑘𝛼)
−𝑘𝜋

)
2

= 𝛼2 + ∑
𝐾

𝑘=1
2sin2(𝜋𝑘𝛼)

𝑘2𝜋2

We need to find the smallest integer 𝐾 such that:
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𝑃𝐾
𝑃

≥ 0.95

𝛼 + 2 ∑
𝐾

𝑘=1

sin2(𝜋𝑘𝛼)
𝛼𝑘2𝜋2 ≥ 0.95

For 𝛼 = 0.15

𝐾

𝑃𝑘
𝑃

0.95
0.15

0

0.428

1

0.649

2

0.796

3

0.872

4

0.899

5

0.903

6

0.904

7

0.911

8

0.924

9

0.938

10

0.946

11

0.95

12

0.95

13

0.951

14

By calculating the terms, we find that 𝑁 = 2 𝐾 + 1 = 29 terms are needed to capture 

at least 95% of the signal’s power.
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