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AVANT PROPOS

This lecture was initially supposed to be about Data Science. Data
science is “a concept to unify statistics, data analysis, informatics, and
their related methods” to “understand and analyze actual phenomena
with data” (Hayashi, 1998). To learn about “data science”, it became
clear to me that knowledge of basic signal processing concepts is
essential. This is why, ultimately, instead of a Data Science course as
indicated in your schedule, I propose you an introductory course on
signals and systems that will present the essential concepts for any
physicist who works with data. Compared to signals and systems courses
in engineering curricula, this course will skip some traditionally taught
concepts (z-transform, Laplace transform, feedback and control...). To
go further, there are many resources such as (Oppenheim et al., 1997)
or MIT video lectures (Freeman, 2011).
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1 Signals & systems
1.1 Signals

A signal represents the variation of a quantity with time or another
independent variable, such as space. Signals may describe a wide variety
of physical phenomena: e.g., an electrical voltage across a circuit as a
function of time v(¢), or the light intensity in the plane of a detector
I(x,y). Signals are represented mathematically as functions of one or
more independent variables.

In this course, for simplicity, we will generally represent a signal as a
function of a single variable: time. However, this can easily be gener-
alized to functions of several variables of any physical dimension. For
example, in geophysics, a signal can represent variations with latitude,
longitude, and depth of quantities such as density, resistivity, etc.

Continuous signals: A continuous signal, written x(¢) and also called
an analog signal, is a function defined for all values of time (possibly in
an interval). For example, the fluctuations in the current produced by
a coil in an electromagnetic microphone form a continuous signal. Such
signals can take any value in a continuous range. Figure 1.1 shows an
example.

Discrete signals: A discrete signal written x[n| is defined only at discrete
time indices n (integers). It is sometimes referred to as a discrete-time
sequence. For example, the daily average temperature measured at a
weather station is a discrete signal, as it is only known at specific times
(once per day in this case). Discrete signals often arise from sampling
continuous signals at regular intervals. Figure 1.2 shows a discrete signal
obtained by sampling the continuous signal presented in Figure 1.1.

A discrete signal (or discrete time signal) should not be confused with
discrete valued signal (which can be either continuous or discrete time).
A discrete valued signal also called quantized signal can take only a
finite or countable number of values. An example of a discrete valued
signal is a digital signal used in digital electronics, which can take only
two values (0 and 1).

Periodic signals: A periodic signal is a signal that repeats itself at
regular intervals over time. A continuous signal z(t) is periodic if there
exists a positive T' (the period) that satisfies the condition:

z(t)=x(t+T), VteR (1.2)

In other words, a periodic signal is unchanged by a time shift of 7T
In this case, we say that x(t) is periodic with period T'. If a signal is
periodic of period T, any integer multiple nT" (for a positive integer
n) is also a period. The least positive period is called the fundamental
period. Often, “the” period of a signal is used to refer to its fundamental
period.



Discrete periodic signals are defined analogously. A discrete signal x[n]
is periodic if there exists a positive period N where:

zln] =z[n+ N|, VneN (1.3)

Energy: The energy E of a continuous signal x(t) is defined as:

E- /oo|a;(t)|2dt (1.4)

—0o0

The unit of energy is the square of the unit of z(¢). In this context, this
energy is not, strictly speaking, the same as the conventional notion of
energy in physics (usually in joules).

For some signals the integral in Eq. (1.4) might not converge: e.g. if z(t)
or x[n] is periodic. Such signals have infinite energy: x(¢) is not a square-
integrable function (i.e. does not belong to the L? space). Signals of
finite energy (i.e. E < o0) are often called energy signals.

Power: Power P of the signal z(t) is defined as the amount of energy
per unit time:

T

1
P=lim — [ |z(t)]?dt (1.5)
T—o00 _7

This quantity is useful to work with infinite energy signals. By construc-
tion, P = 0 for energy signals (i.e. E' < 00).

For periodic signals, this amounts to calculating the average power over

1
Pz
TJ,

C

a single period:
to+T

|z (t)|% dt . (1.6)
)

Signals of non-zero but finite power (i.e. 0 < P < 00) are often called
power signals. Periodic or constant signals are examples of power
signals. There are signals, like z(t) = ¢, with infinite power that are
neither energy nor power signals.

These quantities are also defined for discrete signals z[n]:

E= > lalnl? (1.7)
. 1 & )
P= i oy 3 15

It is important to remember that, in this lecture, the terms “power”
and “energy” are used independently of whether these quantities are
actually related to physical energy.



1.2 Systems
input output

systen ———p» A system is a powerful conceptual tool used across a wide range of

Figure 1.4: Block diagram of scientific fields, particularly in physics. In this abstraction, described as

5 system a block diagram in Figure 1.4, a system transforms an input signal into

an output signal.
y(t) = H{x(t)} (1.9)

A seismometer is a good example of a system: the physical ground
motion z(t) is the input and the seismometer transforms it into an
electrical voltage y(t). The description of a system is arbitrary,
and its inputs/outputs can be defined to facilitate calculations or the
understanding of the system. For example, in the case of a seismometer
the input can be ground displacement, its velocity, its acceleration, etc..

Properties of systems:

BIBO Stability A system is said to be bounded input bounded output
(BIBO) stable if the output is bounded for every bounded input to
the system.

Causality A system is causal if the output at any time depends only
on values of the input at the present time and in the past. If any
value of the output signal depends on a future value of the input
signal, then the system is non-causal.

Linearity A system is said to be linear if it satisfies the principle
of superposition (additivity and homogeneity) where for any
(ay,a,) € C*:

H{ayz,(t) + agzy(t)} = H{ayz,(t)} + H{asz5(t)}  additivitylO)
=a,H{x,(t)} + ayH{z,(t) thomogeneityl1)

Time invariance A system is said to be time-invariant if its behavior
does not change over time. This means delaying the input by some
amount simply delays the output by the same amount:

y(t+7)=H{z(t+71)} (1.12)

Modularity: One of the main advantages of this description is that
a system is modular: it can be decomposed into smaller elementary
systems (e.g. mass/spring system + transducer + analog to digital
converter + etc.) or be included in a larger system (e.g. seismic source
+ propagation medium + array of seismometers + etc.) as illustrated
in Figure 1.5.

Seismometer

Seismic Propagation

) —| | transducer ADC preprocessing data
source medium

Figure 1.5: Seismometer as a modular system



Why studying systems?: There are many reasons to describe a problem
as a system. Depending on the final goal, one can use this formalism
to study:

e output: predicting the output from the input given a known system,
e.g. the Deep Thought supercomputer answering 42 to the Ultimate
Question of Life, the Universe, and FEverything.

» system: characterizing the effect of the system (distortion, attenua-
tion, efc.) on measurements, e.g. understanding how the transmission
medium is changing communication signals.

e input: inferring the input from the output. This is often tackled
within an “inverse problem” framework, e.g. estimating the position
and energy of an earthquake from seismograms, or estimating the
question to which the answer is 42.

1.3 Representation of signals
Unit impulse: In discrete time, the unit impulse, also known as the
delta function, is the simplest discrete signal.

1 ifn=0,

i) = {0 otherwise. )
Representation of discrete time signal: Any discrete-time signal can
be viewed as a sequence of scaled individual unit pulses:

+oo

z[n] = > w[k]6[n — ] (1.14)

k=—o0

This can be used to represent any arbitrary sequence as a linear combi-
nation of shifted unit impulses d[n — k], where the weights are x[k].
This is sometimes called the sifting property of the discrete-time unit
impulse, where the impulse acts as a selector preserving only the value
corresponding to kK = n. The impulse functions form a complete basis
set for discrete-time signals. The coefficient for each basis function is
simply x[k].

Dirac delta function: In continuous time we do not have a discrete
sequence of values, but we can think of a continuous unit impulse
function ;) as a pulse of width A:

1 : A
Oa(t) = {A it <3, (1.15)

0 otherwise.

As A — 0, 0, approaches the Dirac delta distribution. The Dirac delta
function (or distribution) is a generalized function on the real numbers,
whose value is zero everywhere except at zero, and whose integral over
the entire real line is equal to one:



x(t) ADC z[n]

Figure 1.6: Sampling system

_ JHoo ift=0,
6(t) = {0 otherwise. (1.16)

such that

/m S(t)dt = 1 (1.17)

It is a generalized function that appears only under an integral. It is
often defined as the limit of a sequence of functions, such as the sequence
defined in Eq. (1.15) with decreasing A, or a sequence of Gaussian
distributions centered at the origin with variance tending to zero.

With this Dirac delta distribution, similarly to the discrete case
Eq. (1.14), we can represent any continuous signal as:

2(2) :/ T a(r) ot —r1) dr (1.18)

Again this can be viewed as a “weighted sum” of shifted impulses where
the weight on the impulse §(¢ — 7) is (7). Contrary to the discrete case,
the Dirac delta distribution does not, strictly speaking, define a basis of
the space of continuous signals as § itself does not belong to this space.

Properties of the Dirac delta distribution:
Translation

/m F#)6(t— ) dt = F(r) (1.19)

Scaling
d(at) = —0o(t) (1.20)

Symmetry § is even
i(t) = d(—t) (1.21)
Heavyside step function:

The Heaviside function or unit step function wu(t) is a step function
defined as:

0 ift<0,
u(t)—{l oo (1.22)

It is the indicator function of RT. Two conventions exist: either u(0) =
1 or u(0) = L. Tt is related to the Dirac delta function by:

d
Sut) = 3(t) (1.23)



1.4 Sampling

The digitization is the process of converting an analog signal z(t) into

a discrete signal x[n], usually done in practice by an analog to digital

converter (ADC). The digitization itself is composed of two operations:

o sampling that goes from continuous time to discrete time

e quantization that goes from continuous value to a finite number of
levels

Quantization, being a non-linear operation, will not be treated in this
lecture.

The sampling of the function f(¢) with the sampling period A is given
by the equation:

+00
f[n) :/ F(0)6(t—nA)dt, (1.24)
The condition to perfectly reproduce f(t) from f[n] will be treated in
Section 5.5.

2 Linear Time-Invariant Systems

Among the properties of a system given in Section 1.2, linearity and time
invariance play a fundamental role in signal and system analysis. First,
the linearity and time invariance properties are fortunately shared by
numerous physical phenomena. In addition, signal and system analysis
provides powerful tools to analyze LTT systems in great detail, going
deep into their properties.

The main reason LTI systems can be deeply analyzed is a consequence
of the superposition property given in Section 1.2.a: if we can represent
the input to an LTI system in terms of a linear combination of a set
of basic signals, we can compute its output as the combination of its
responses to these basic signals.

2.1 Discrete time LTI systems

As shown in Section 1.3.b, a discrete signal z[n] can be represented as
a sum of impulses: z[n] =}, x[k]d[n —k]. In this representation, an
arbitrary sequence is a linear combination of shifted unit impulses d[n —
k], where the weights are x[k].

Discrete time linear system: If H is a linear system then its output
y[n] is simply the weighted linear combination of shifted unit impulse
responses:



yln] = H(z[n]), (2.2)

= H(Z:c[k:] 5[n—k]> : (2.3)

k
= a[k] H(d[n — k), (2.4)
= afk] hy[n — K] (2.5)

where hy[n] = H(5[n — k]) denotes the response of the linear system H
to the shifted unit impulse d[n — kJ.

In matrix—vector notation we define the input vector x=

T T .
[xl, To, ...,:U{N_l}] , the output y = [yo,yl, ...,y{M_l}] ; the linear
system is described by the linear operator (matrix) My:

y=H x (2.6)
Y1 hy[0] hy [—1]
Y2 =z, ho'[l] + h‘l.[o] + (2.7)
Yarmr holN — 1 MmN -2
h 0] hy[—1] ... hy[l—N] T,
_ ho‘[l] hl‘[o] h’N[2._ NI | T2 2.8)
holM —1] hy[M —2] .. hy[M=N]) \ay,

Discrete-Time Linear Time-Invariant System: If the linear system H
is also time-invariant all h,[n] are time-shifted versions of a single
sequence hg[nl:

hiln] = holn — K] (2.9)

Dropping the subscript 0 for convenience, we define the impulse
response h of the system:

hin] = hy[n] (2.10)
h[n] being the output of the LTI system H to the unit impulse J[n].

Then for any LTI systems, its output depends only on the input and its
impulse response:

+o00

ylnl = > a[k]hln — K] (2.11)

k=—o00

This is a convolution sum or superposition sum, and the operation
on the right-hand side is known as the convolution of the sequences x[n]
and h[n]. This convolution is denoted with the symbol * as in :

y[n] = (z * h)[n]. (2.12)



The convolution matrix is then a band-diagonal matrix:

[1—N]

> >

(2.13)

2.2 Continuous time LTI system

Continuous time linear system: Let us define h(¢,7) as the response
at time t to a unit impulse §(f — 7) applied at time 7. Similarly to the
discrete case, the output of the system is:

y(ﬂ::L/joox(T)hUWT)dT (2.14)

If we intuitively think of z(¢) as a “sum” of weighted shifted impulses
(where the weight on the impulse §(t — 7) is (7)) this Eq. (2.14) repre-
sents the superposition of the responses to each of these inputs, and by
linearity, the weight on the response h(t, 7) to the shifted impulse §(t —
7) is also (7).

Continuous-Time Linear Time-Invariant System: If, in addition to
being linear, the system is time-invariant, its response no longer depends
on the instant 7 where the impulse was applied but only on the time
difference t — 7:

h(t,7) = h(t — 7). (2.15)

With this definition, A(t) is the response of the system to the impulse
0(t), that is the impulse response of the system.

For Linear Time-Invariant systems, Eq. (2.14) becomes the convolu-
tion integral:

+o0
y(t) = / x(T)h(t —7)dr (2.16)

2.3 Convolution
The convolution of two functions f and g, written f * g, is defined as

the integral of the product of the two functions after one is reflected
and shifted:

s = [ " ) gt —7)dr (2.17)

—0o0

This operation is well defined only if f and g decay sufficiently rapidly

at infinity so that the integral exists. Existence conditions include:

o fand g have compact support (then f * g exists and also has compact
support),



e finLP and ginL? with lle% + 5162, ensuring integrability (Young’s
convolution inequality).

In physics, signals typically have finite energy or power, so these condi-
tions are usually satisfied in practice.

Properties of the convolution operation:

Commutativity
fxg=g=f (2.18)
Associativity
f*(g*h)=(fxg)xh (2.19)
Distributivity
fr(g+h)=[fxg+fxh (2.20)
Identity element
fxo=f (2.21)
Time reversal
(f *9)(=t) = f(=t) * g(—t) (2.22)
Conjugation
frxg=7[xg (2.23)
Differentiation
Cipra=Tag=ye (2.24)
Integration

/Oo(f*g)(t)dt:( Oof(t)dt) (/ Oog(t)dt) (2.95)

Green’s function G of a system with impulse response h
h+G =19 by definition (2.26)
Eigenfunctions of an LTI system: An eigenfunction is a function f for

which the output of the operator is the same function scaled by some
constant:

H{f}=Af, (2.27)

where A is the eigenvalue (a constant).

Complex exponential functions are eigenfunctions of any LTI system.
That is, when a complex exponential is applied as input to an LTI
system, the output is simply a scaled version of the input:



hx eIt = )\ el (2.28)
Demonstration

h * ejwt —

h(7)e?*t=7) dr

h(T) eiwt e=3vT dr

— s

— piuwt /h(T) eIt dr (2.29)
eigen R
function A (scalar)

This property is extremely important because the effect of an LTI
system on a linear combination of complex exponentials is, thanks to
the superposition property, the same complex exponentials weighted by
the eigenvalues A that can be computed independently once and for all.

If we can decompose any input signal as a sum of complex exponentials,
then computing the output of any LTI system is trivial:

h* (a1 + ayed¥2t) = a; h* €71t 4 ay h * 72!
— al >\1 ejwlt + a2 )\2 e‘wat-

with

>
et
Il

h(T) e 917 dr

h(T) e %27 dr

3
Il
—

3 Fourier Series

To use the fact that complex exponentials are eigenfunctions of LTI
systems, one has to decompose the input signal into complex exponen-
tials. First, we will see that any periodic signal can be decomposed as
a sum of complex exponentials via Fourier series; then we will extend
to aperiodic signals (using the Fourier transform).

3.1 Harmonic Signals

As stated in Section 1.1.c, a signal is periodic if for some T" > 0:
z(t) =z(t+T), VteR. (3.2)

A complex exponential e/“* is periodic of period T if and only if

10



ewt  — ejw(tJrT)

— ejwteij
o el =1
2
Sw :n%, Vn eZ (3.3)

Every signal z(t) that is linear combination of complex exponentials,
periodic of period T can be expressed as:

+o00
x(t) = Z aelk o, (3.4)

k=—o0

where wy = 2% is the fundamental frequency (or pulsation). This

Eq. (3.4) is referred to as the synthesis equation. The signal z is a
harmonic signal with frequencies that are integer multiples of the fun-
damental frequency w, (the harmonics). The coefficients a, = pj e+
are complex and can also be expressed in terms of phase and amplitude.
The component a; corresponding to the mean of x is sometimes called
the DC component.

Real harmonic signal:

Euler formulae Using Euler formula and defining a; = b, + jc;,, we can rewrite
030 4 =30 Eq. (3.4):
cos(f) = SEE -
i o z(t) = ay + Z(anejnwo 4 a,nefjn‘m)
Pl —
sin(f) = , n=1
2 X/a, +a a, —a
=ay + ; <% cos(nwy) — j% sin(n w0)>
+00 ~
_ %(an) + f;'R<a—n) j(a’n> B J(a—n> .
=ay+ ;( 5 cos(nwy) + 5 sin(n wy)

—i—jz <3(cn) 4—23((:_”) cos(nwy) — Rien) _2%(6_”> sin(n w0)>

Real harmonic signals are complex harmonic signals with zero imaginary
part:

+00
x(t) = Z R (a,eten),
k=—o00

= a + ; (%(an) —;%(a_n) cos(nwg) + Ja,) = I(a_) sin(nwo)>

+oo

=ay+ an cos(nwy) + ¢, sin(nwy))
n=1

+o00

=ag+ Z P, cos(nwy + ¢,,) (3.5)

n=1

11



where we define:

b, = = .
J —-J
. = (a,) = T(a_,) (3.7)
2

P = /b2 +c2 cartesian representation (3.8)

p,, = arctan (C") polar representation (3.9)
5(b,—jc,) ifn<o0,

a, =< a, ifn=0, (3.10)
(b, +jc,) ifn>0.

b,, and c,, will describe the even and odd components of = respectively.

3.2 Fourier Series Representation of Continuous Periodic
Signals
The idea of decomposing any periodic function into the sum of simple
oscillating functions was initially proposed by Fourier in 1807. He stated
that any periodic function z(t) of period T' can be represented as a sum
of complex exponentials of frequencies that are integer multiples of the
2

fundamental frequency wy = #F as in the synthesis Eq. (3.4).

To determine Fourier coefficients a;, from any periodic function x(t) of

period T we will use two properties of periodic signal:

o the integration of a periodic signal x over any interval of length equals
to its period T is:

to+T
/x(t) dt:/ o(t) dt, ViER. (3.11)
T t

0

o the integral of a complex exponential over a period T is zero excepted

for k = 0:
1 . 1 k=0
= —jkwot —
T /Te o {0 otherwise

= S[k] (3.12)

If any periodic signal z(¢) can be expressed as a weighted sum of complex
exponentials thanks to the synthesis Eq. (3.4), then we can compute its
correlation with a complex exponential of frequency kw, for any k € Z
as follows:

12
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This defines the analysis—synthesis set of equations of the Fourier series:
to+T A
Ty = T/ x(t) e Ikwot dt, analysis (3.13)
Z a etk e, synthesis (3.14)

Depending on the field, the Fourier series coeflicients £, can also be
denoted Z[k] or XIk].

3.3 Convergence of Fourier Series

The question of the convergence of Fourier series, i.e. does all periodic
function can be represented by its Fourier series?, was only solved
by Dirichlet in 1829. He showed that the Fourier series of a periodic
function z(t) converges to z(t) at all points where x is continuous
and to the average of the left-hand and right-hand limits at points of
discontinuity, provided that:

o x(t) is absolutely integrable over a period, i.e. f |z(t)] dt < oo

o z(t) has a finite number of maxima and minima in any given period,
o x(t) has a finite number of discontinuities in any given period.

The point-wise convergence is only almost everywhere, meaning that
the Fourier series may not converge to z(t) for some points, i.e. at
discontinuities. Indeed, a truncated Fourier series approximation of a
discontinuous signal will in general exhibit high-frequency ripples and
overshoot x(t) near the discontinuities. These ripples, known as Gibbs
phenomena, are present no matter how large the approximation order,
as seen in Figure 3.8 (at least 9% overshoot for a unit square wave).
However, large enough approximation order can always be chosen so as
to guarantee that the total energy in these ripples is insignificant.

k=+N 2

lim — ) dpelteot| dt =0 (3.15)

N—+o00 T
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3.4 Orthonormal basis of harmonic signals space

The space of square-integrable periodic functions on the period [0, 7]
forms the Hilbert space L?([0, T']). This space is equipped with the inner
product:

(o) =7 [ #0350 (316)
0

where g(t) is the complex conjugate of g(t). This inner product induces
the norm:

Il =/ {f, 1) (3.17)

The scalar product between two complex exponentials is:

T
< e]kwoaejfwo >— T eIk wo g—jlwg dt,

/ elk=wo ¢

(3.18)

That means that {e/*“o :k € Z} forms an orthonormal basis of
L?(]0,T)). In other words, every square-integrable periodic function can
be represented as a Fourier series as defined by the analysis-synthesis
equations above.

3.5 Parseval theorem

The Parseval theorem states that the energy of a signal z(t) over a
period T is equal to the sum of the squared magnitudes of its Fourier
series coefficients:

1 T k= +oo
T/ DR dt= 3 |3 (3.19)
0

k=—o0

Demonstration:

14



— l Z 7 elkwot Z & eikwot dt
T 0 k=—o0 =—00
1 T k=400 k=+o00

= — Z &, edkwot Z &, e Tkwot d¢
T 0 k=—o0 k=—o00

k=+o00 k’'=+0c0

1 T
—7 3 > [ adeettiata
0

k=—00 k/=—c0

k=+o00 k’'=+00

:;kz k; @iy T Ok — k']
k=400
= Z ‘%‘2

k=—o00

3.6 Properties of Fourier Series

Linearity
2(t) =ax(t) +by(t) < 2, =ai, + b2, (3.20)
Time Shifting
y(t) = o(t —ty) & g), = e/Fwotoqy (3.21)
Time reversal
y(t) = x(=t) & g, = T4 (3.22)

Frequency Shifting

y(t) = e?Fool z(t) & g, = Tpg, (3.23)
Scaling
. 1 [k
y(t) = xz(at) < g, = mm ; (3.24)
Multiplication
+00
2(t) = z(t)y(t) < 2, = Ly Uy (3.25)
Conjugation
y(t) = z(t) & 9, = Ty, (3.26)
Differentiation
dax(t N . N
y(t) = d(t ) & U = Jjkwy 2y, (3.27)
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Symmetry for real signals

z(t) ERe 2, =13y (3.28)

Even real signals
z(t) =xz(—t) e R, €R (3.29)

Odd real signals
z(t) = —x(—t) e R 2, € jR (3.30)

3.7 Fourier Series Representation of Discrete Periodic Sig-
nals
From Eq. (1.3), a discrete time signal is periodic with period N if:

z[n] =xn+ N], VneN (3.31)

The fundamental frequency is wy, = 27 is defined from the fundamental
period N, the smallest integer for which the Eq. (3.31) holds.

The set of all discrete-time complex exponentials that are periodic with
period N is finite and given by:

{edwokn | =0,1,..,N —1} (3.32)
since for any k > N or k < O:
ejwokn — ejwo(kmodN)n (333)

Analysis-Synthesis Equations: As for continous-time signal described
Section 3.2, any discrete periodic signal x[n] of period N can be
expressed as a weighted sum of these complex exponentials. The analysis
and synthesis equations for discrete-time Fourier series are:

1 & .

zk] = N 7; x[n] e Iwokn, analysis (3.34)
N

x[n] = Z 2[k] efwokn, synthesis (3.35)

Ee
Il

1

In these equations, the limits of the summation can be any contiguous
range in N (e.g. k=0,1,.... N —1lork=1,2,...,N).

Parseval Theorem: The Parseval theorem holds equivalently in discrete-

time:
n=N k=N
>l =D |2k (3.36)
n=1 k=1

16



Properties of Discrete-Time Fourier Series: The properties of Fourier
series decomposition for discrete-time signals are similar to the contin-
uous signal ones described in Section 3.6.

Property Time Domain Frequency Domain
Linearity z[n] = axn] + by[n] 2[k] = a z[k] + by[k]
Time Shifting y[n] = x[n — ng] J[k] = e 7wo k0[]
Time Reversal y[n] = z[—n] glk] = 2[—k]
Frequency Shifting  y[n] = e/“oko™ z[n] g[k] = 2]k — ky)
Multiplication z[n] = z[n] y[n] 2lk] = Zé\:)l z[] g[k — ]
Conjugation y[n] = x[n] glk] = 2[—F]
First Difference yln] =zn] —z[n—1] gk} = (1 — e 7“0 *)E[k]
Symmetry z[n] €R 2[—k] = Z[K]
Even Real Signals z[n] = x[-n] € R z[k] e R

Odd Real Signals z[n] = —z[-n] € R [kl € R

Table 3.1: Properties of Discrete Time Fourier Series

4 Fourier transform

As complex exponentials are eigenfunctions of LTI systems (see
Eq. (2.28)), the Fourier series decomposition of the output signal y of
an LTI system with impulse response h can be easily computed from
the Fourier series representation of the input signal x:

y(t) =hx*x
+00
= h=* ( Z a%kejwokt>,
k=—o0
+o00 '
= D @ (hxedtt),
k=—o00
+o00
== Z fi‘k)\ke‘jwokt7
k=—o00
O = TNy, (4.2)
with
A = / h(r) ei%ohT dr (4.3)
R

The operation on the right-hand side of Eq. (4.3) is the Fourier trans-
form of the impulse response h taken at frequency w = kwy.

4.1 Fourier transform of Continuous Signals
The Fourier transform can be derived from the Fourier series represen-
tation of periodic signals by considering the limit when the period T
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tends to infinity. In this case, the fundamental frequency w, = 2% tends
to zero and the frequencies k w, become continuous over the real line R.

This defines the Fourier transform pair in angular frequency w:

3w) = 5= |

x(t) =

(t)e7«t dt, Forward transform  (4.4)

x
TJr

2(w) e/t dw. Inverse transform  (4.5)
R
or equivalently in ordinary frequency v:

z(v) = / z(t)e 727t dt, Forward transform  (4.6)
R

x(t) = / 2(v)ed?™vt dw. Inverse transform  (4.7)
R

The angular frequency Fourier transform can be made unitary as:
Z(w) = 1 / z(t)e7«t dt, Forward transform (4.8)
V21 Jp ’

1 :
x(t) = o / F(w) el dw. Inverse transform (4.9)
R

For periodic functions of period T, the Fourier transform is non-zero
only at discrete frequencies v = % with k£ € Z and is related to the
Fourier series coefficients as:

2(v) = +ZOO @k(s(V—;i). (4.10)

k=—00

4.2 Convergence of Fourier transform
If (t) is square integrable over R, i.e. fR |z(t)|? dt < oo, then its Fourier
transform exists and #(w) is also square integrable over R. Since many
signals in physics are of finite energy, this condition holds in many

applications involving physical quantities.

For periodic signals, the Fourier transform of a signal z(t) exists under

the same Dirichlet conditions stated in Section 3.3, which require that:

o x(t) is absolutely integrable over R, i.e. fR|x(t)| dt < oo.

o x(t) is of bounded variation (.e. there is a finite number of maxima
and minima within any finite interval)

o x(t) has a finite number of discontinuities within any finite interval.

4.3 Plancherel-Parseval theorem
The Plancherel-Parseval theorem states that the total energy of a signal
x(t) is equal to the total energy of its Fourier transform 2(v):
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/ x(t / Z(v)g(v)dv inner product (4.11)
R R

/\x (t))?dt = /|x )?dv  energy preservation (4.12)
R

Demonstration:

[ o a

Z(v)el?mvt dy dt

(v)e 72t du dt

/ z(t)2(v)e 72t At dv
R

& (v x(t) e d2mve v
)(/R ) dt) d

[&(v)[? dv

4.4 Convolution theorem
The convolution theorem states that the Fourier transform of the convo-
lution of two signals is equal to the product of their Fourier transforms:

z2(t) = x(t) xy(t) < 2(v) = 2(v) §(v) (4.13)

Demonstration:

2(v) = / 2(t) e 72Vt dt
R
(1) y(t —7) dT) e I2mvt q¢

(T)y(t —7)e 927Vt dr dt

:/Rx(T) (/ y(t — 1) e I2mvi dt) dr
:/Rac (/Ry eI 2my (ut) du) dr
/RZL‘(T) e J2rvT (/R y(u) e 2mvu du> dr

v)§(v)

T ‘
8

I
=2
—~
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4.5 Properties of the continuous Fourier transform

Property Time Domain Frequency Domain
Linearity z(t)=ax(t)+by(t) 2v)=a2(v)+bj(v)
Time Shifting y(t) = z(t —ty) G(v) = e 72V g (v)
Time Reversal y(t) = x(—t) j(v) = 2(—v)
Frequency Shifting  y(t) = e/?™0t z(t) j(v) = 2(v — 1)
Time Scaling y(t) = xz(at) gv) = ﬁa@(%)
Convolution z(t) = z(t) * y(t) 2v)=2()g(v)
Multiplication z(t) = x(t) y(t) 2v)=2(v)xg(v)
Conjugation y(t) = z(t) §(v) = 2(—v)
Differentiation y(t) = Lx(t) g(v) =j2rvi(v)
Integration y(t) = ffoo z(r)dr  gv) = f2(:>u +2(0)d(v)
Symmetry z(t) e R Z(—v) =2(v)
Even Real Signals xz(t) =z(—t) R Z(v) eR

Odd Real Signals x(t) = —x(—t) R Z(v) € jR

Table 4.2: Properties of Continuous Fourier Transform

4.6 Symmetry

When the real and imaginary parts of a complex function are decom-

posed into their even and odd parts, there are four components, each

with a specific symmetry property:

e The real part of the Fourier transform of a real signal is an even
function.

e The imaginary part of the Fourier transform of a real signal is an
odd function.

e The real part of the Fourier transform of an imaginary signal is an
odd function.

e The imaginary part of the Fourier transform of an imaginary signal
is an even function.

The transform of a real-valued function thus exhibits conjugate sym-
metry. Conversely, if a function’s Fourier transform has conjugate
symmetry, the original function is real-valued.

4.7 Incertitude Principle

The Fourier transform uncertainty principle states that a signal cannot
be simultaneously localized in time and frequency. More precisely, con-
sidering a centered signal (fR t z(t) dt = 0) of unit energy (fR |z(t)]? dt =
1) for simplicity, if we define the time spread (standard deviation) At
and the frequency spread Av of a signal z(t) as:
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At = / 2l dt (4.14)
R

Av = / V2| &(v)|?dr, (4.15)
R

then the uncertainty principle states that:

1
> —. .
AtAv> (4.16)

In quantum mechanics, since the momentum and position wave func-
tions are related by a Fourier transform (up to Planck’s constant), this
inequality becomes the Heisenberg uncertainty principle.

4.8 Notable Fourier transforms

Signal Time Domain Frequency Domain
Rectangle rect(t) = {é ggg‘iﬁse 173&(1/) = sinc(v) = %
Sinc x(t) = sinc(t) = % Z(v) = rect(v)
Gaussian z(t) = e’ i) =e ™
Exponential decay z(t) = e *u(t), a>0 Z(v) = aﬂ,l%y
Two-sided exponential — z(t) = e, a>0 t(v) = azj%

Dirac delta x(t) = 46(t) z(v)=1

Constant z(t) =1 Z(v) =46(v)

Complex exponential x(t) = 2ot 2w)=06(v—1y)

Cosine z(t) = cos(2myyt) &) =3[6(v — 1) +6(v + 1))
Sine x(t) = sin(2myyt) z(v) = 2%[6(1/ — 1) — (v +1)]
Sign x(t) = sgn(t) = {il izg Z(v) = W%

Unit step z(t) = u(t) Z(v) = j217W + 35(v)

Table 4.3: Notable Fourier Transform Pairs

4.9 Filtering
Thanks to the convolution theorem of the Fourier transform, the action
of an LTI system with impulse response h on a signal x is:

y(t) = (h*x)(t) (4.17)
g=hz, (4.18)
where 71, the Fourier transform of h, is called the transfer function.

We call the action of these LTI systems filtering of the input signal. It
is important to understand that filters act on each frequency indepen-
dently. We can study the transfer function of filters either to understand
their effect on signals or to design filters with specific frequency
response. This is widely used in signal processing, communications,
control systems, and many other fields. This study generally amounts to
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studying the magnitude and phase of the transfer function as a function
of frequency:

h(v) =

where p(v) is the phase response and ’iL(l/)‘ is the magnitude response
of the filter.

iL(U)‘ elew) (4.19)

Several categories of filters can be described:

e Low-pass filters: These filters allow low-frequency components to
pass through while attenuating high-frequency components. They
are commonly used to remove high-frequency noise from signals.

o High-pass filters: These filters allow high-frequency components to
pass through while attenuating low-frequency components. They are
used to eliminate low-frequency noise or drift.

o Band-pass filters: These filters allow a specific range of frequencies
to pass through while attenuating frequencies outside this range.
They are used in applications such as audio processing and commu-
nications.

e Band-stop filters: These filters attenuate a specific range of frequen-
cies while allowing frequencies outside this range to pass through.
They are used to eliminate unwanted frequency components, such as
interference.

o All-pass filters: These filters allow all frequencies to pass through but
alter the phase of the signal.

Filters can be easily combined by multiplying their transfer functions.
This property is particularly useful in designing complex filtering sys-
tems by cascading simpler filters.

5 Discrete Fourier Transform

5.1 Discrete-Time Fourier Transform

x(t) is a continuous signal and its Fourier transform is:
2(v) = / z(t)e 27Vt dt (5.2)
R

We define x4 the signal x sampled at interval of 7" seconds, it becomes:

+00
ip(v)= Y Tanl)edzrvin (5.3)
in angular frequencies, taking w = 27 T, the function Z,, (w) became
periodic of period 27. 5, (v) is called the Discrete-Time Fourier Trans-
form (DTFT) of the discrete-time signal x[n] = x(nT):
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+00

Tp(w) = Z z[n]eIn, Forward DTFT  (5.4)
n=—o00
1

x[n] = Py

/ Tp(w) e?“" dw. Inverse DTFT (5.5)

5.2 Discrete Fourier Transform

The Discrete Fourier Transform (DFT) is a sampled version of the
DTFT. It is defined for a finite-length discrete-time signal x[n] of length
N as:

N-1

#[k] = Y x[n]e i~ Forward DFT (5.6)
n=0
1 N=1 '

z[n] = — #[k] e?2mk R, Inverse DFT (5.7)
N =

where wy = €’ ¥ is the Nth-root of unity.

We can define the DFT matrix of size N as:

Fylk,n] = e 2% kn=0,1,.,N—1 (5.8)
11 .. 1
1 wy W& .. wWN
Fy=|1 o2 ot .. VY (5.9)
1 w%‘l w%N_l) wg\J,V_U(N_l)

the discrete Fourier transform becomes:

& =Fy -, Forward DFT (5.10)
1

x = NFAIr{ -2 Inverse DFT (5.11)

x=Fy' % (5.12)

where FA’? is the Hermitian transpose or conjugate transpose:

iy j) = Fy ), 1] (5.13)

As Fll . Fy = % I #1, this DFT matrix is not unitary. This leads to
the unitary definition of the DF'T matrix:

Uy = \/—NFN (5.14)

and U - Uy =1
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In this lecture, for the sake of simplicity we will use the unitary matrix
as the DFT matrix Fyy = Uy such that Fy! = U

The DFT can be computed efficiently using the Fast Fourier Transform
(FFT) algorithm that applies the DFT matrix Fy in O(N log(N))
operations.

5.3 Properties

The properties of the Discrete Fourier Transform are similar to those
of the continuous Fourier transform described in Section 4.5. They can
be derived from the properties of the DTFT.

Time Domain

Property
Linearity

Time Shifting
Frequency Shifting

Time Reversal

z[n] = axn] + byln]
yln] = z[n — ny
yln] = e727R0 N zn]

y[n] = z[—nmod N]

Frequency Domain
2[k] = a Z[k] + bglk]
glk] = 72 E ¥ 3R]

glk] = 2[(k — ko) mod N]

Convolution Z[n111:1 (xxy)n] = 2[k] = &[k] 9[K]
2 Elm]yl(n —
) mod N
Multiplication z[n] = x[n]y[n] ik = % Zé\[:_ol [0 g[(k —
£)mod N]
Conjugation y[n] = z[n]

First Difference yln] = z[n] — z[n — glkl = (1—e™? 2”%>£‘[k‘]
1 mod N]
Symmetry z[n] € R Z[—kmod N| = Z[k]
Even Real Signals = z[n] = z[-nmod N] € R zlk] e R
0Odd Real Signals z[n] = —z[—nmod N] € zlk] € jR
R

Table 5.4: Properties of Discrete Fourier Transform

5.4 Discrete convolution matrix
Given a finite-length discrete impulse response h of length M, the

convolution matrix H generated by h for an input signal x of size N is
defined as:

y=H =z (5.15)
n[o] 0 0 0
Wi K] 0 0
W2 Rl Ao 0
H=|hM—1 hM—2 h]M—3] .. h[0] (5.16)
0 hM—1 W[M—2] ... hll]
0 0 hM—1] .. B’
- - ’ .
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This matrix is of size (N + M — 1) x N and the output signal y is then
of size N + M — 1. This formulation assumes that the vector « is zero
outside its defined range.

Circulant Matrices: If we assume the input vector is periodic with
period N, the matrix H becomes a Toeplitz circulant matrix of size
N x N:

hl0] R[N —1] h[N—2] .. h[1]
h[1] hl0] KN —1] .. h[2]
H=| n? h[1] h[0] h (5.17)

P

R[N — 1] h[N —2] h[N — 3] ... h[0]
This matrix is Toeplitz as each descending diagonal from left to right
is constant.

Diagonalization of convolution matrix: The circulant convolution
matrix (also known as Toeplitz matrix) H of size N can be diagonalized
using the DFT matrix Fj as:

H=Fy'-A Fy (5.18)

where A is a diagonal matrix containing the eigenvalues of H given by
the DFT of its first column:

Mgy = My (5.19)
In other words,
H = Fy' - diag(h) - Fy (5.20)
where diag(h) is the diagonal matrix containing the DFT of the impulse
response h.

Periodic Border Conditions:

When the convolution matrix H is circulant, it implies periodic border
conditions for the input signal x. This means that the signal is assumed
to repeat itself outside its defined range. Specifically, for an input signal
of length N, we have:

z[n+ N]=z[n], VneZ. (5.21)
This assumption may induce artifacts at the borders of the output

signal, especially if the input signal has significant discontinuities at its
boundaries.

5.5 Sampling
When a continuous-time signal x(¢) is sampled at regular intervals of
period T, the resulting discrete-time signal is given by:

z[n]=xz(nT), neZ. (5.22)
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The sampling frequency is defined as f, = %

Shannon-Nyquist sampling theorem: When the continuous-time signal
z(t) is band-limited with a maximum frequency f,,,. (i.e., its Fourier
transform Z(v) =0 for |v| > f,.¢), the Shannon-Nyquist sampling
theorem states:

A continuous-time signal can be perfectly reconstructed from its
samples if the sampling frequency satisfies:

fs > 2 fmax ° (5'23>

If the sampling frequency is lower than twice the maximum frequency
of the signal, aliasing occurs, leading to distortion in the reconstructed
signal. Aliasing occurs when higher frequency components of the signal
are misrepresented as lower frequency components in the sampled
signal. Moiré patterns in images are a common example of aliasing.

Border artifacts: When sampling a continuous-time signal, border arti-

facts can occur due to the finite duration of the sampled signal. These

artifacts are particularly noticeable when the original signal has discon-

tinuities or rapid changes at the boundaries of the sampling interval.

To mitigate border artifacts, several techniques can be employed:

e Removing the slope: The mean slope of the signal before sampling
can help reduce discontinuities at the borders.

o Windowing: Applying a window function (e.g. Gaussian, Hanning,
..) to the signal before sampling.

o Padding: Extending the signal with additional samples (e.g. zeros,
mean, or mirrored values) can help minimize edge effects during
processing.

6 Random signals

6.1 Definitions

Discrete random variable: A discrete random variable X is a variable
that can take on a countable number of distinct values, each associated
with a specific probability. The probability mass function (PMF) px,)
defines the probability that the random variable takes on the value z:

px(x) =P(X =x), Vze Sy, (6.2)

where Sy is the set of possible values of X. The PMF must satisfy the
following properties:

 Non-negativity: py ) >0, V€ Sy

o Normalization: ersx Px(z) = L.

Continuous random variable: A continuous random variable X is a
variable that can take on an infinite number of values within a given
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Figure 6.9: Three realizations
of a non-stationary random
signal

range. The probability density function (PDF) fy ) defines the likeli-
hood that the random variable falls within an interval [a, b] as:

b
Pla< X <b) :/ fx(z) dz (6.3)

It can also be defined by its cumulative distribution function Fy (x):

z&@w=/mfﬂwdu (6.4)
d

fx(z) = aP(X <z), VzxeR, (6.5)

The PDF must satisfy the following properties:
o Non-negativity: fy) =0, Vz€R
o Normalization: [ fy(,) dz =1

Moments:

The n'" moment of a random variable X is defined as the expected value
of its n'™ power:

>peg. T px(z)  discrete random variables
E[X"] = resx (6.6)

fR " fy(z) do continuous random variables

o The first moment (n = 1) is the mean or expected value py = E[X].

The n'™ central moment of a random variable X is defined as the
expected value of the n'" power of the deviation of X from its mean p:

ersx (r—px)" px(z) discrete

fR (x —px)" fx(z) do continuous

E[(X —pux)"] = { (6.7)

o The second central moment (n = 2) is the variance 0%, which mea-
sures the spread of the random variable around its mean:

0% =E[(X - ux)?] (6.8)
= E[X?] — (6.9)

Y

o The standard deviation oy is the square root of the variance:

ox =\ 0% (6.10)

6.2 Random signals
A random signal X (¢, s), also known as a stochastic process, is a function
of time (or another variable) whose amplitude at any given time ¢ is a
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random variable. It is a set of functions of ¢, the set being indexed by s
as illustrated in Figure 6.9. A random signal is thus a bivariate quantity.
When s = s, is fixed, we get a realization of the random process, denoted
X(t,s;) or, more simply, X;(t). When ¢ is fixed, the random process
reduces to a simple random variable. A random signal can be either
continuous or discrete in time or value.

Correlation: The correlation function between two random signals X ()
and Y (¢) is defined as:

Tyy(t,ty) = E[X(t)Y(E)], V1,6, €R, (6.11)

The correlation function measures the statistical dependence between
the values of both random signals at different times. It presents an
Hermitian symmetry:

FXY<t1=t2) = FYX<t27t1> (6‘12)

Autocorrelation: When X(¢) = Y (¢), the correlation function reduces
to the autocorrelation function:

Tx(ty,ty) =E[X(t;,) X(t,)], V1,8, €R, (6.13)

The autocorrelation function measures the statistical dependence of the
random signal with itself at different times. It is a Hermitian function,
real-valued along the diagonal, and Iy (t;,t5) = Iy (ty,t1).

AutoCovariance: The autocovariance function of a random signal
X(t) is defined as:

Cx(t1,ty) = E[(X(tl) — px(ty)) X(ty) — Mx(t2)]a Vi, 1y ER14)

= Ix(ty,ta) — ux(ty) px(ta) (6.15)

The autocovariance function is also a Hermitian function with
CX(tlatQ) = CX<t2’t1>'

Stationarity: A random signal is wide-sense stationary if its mean
and autocovariance are finite and independent of the choice of the origin

of time:
E[X?%(t)] < oo, VteR (6.16)
E[X(t)]=p, VteR (6.17)
E[X(t) X*(t+ 7)] = vx(7) (6.18)

vx(7) is the correlation function:
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vx (1) =T(t,t+ 1) (6.19)
Ergodicity:

A random signal is ergodic if its time averages are equal to its ensemble
averages. This means that statistical properties of the random signal
can be estimated from a single realization over time, rather than needing
multiple realizations. For an ergodic random signal, the following holds:
e The time average of the signal equals its expected value:

oy T
lim <ﬁ> /T X(t) dt = E[X(t)], VteER. (6.20)

T—o00

e The time average of the autocorrelation equals its ensemble autocor-
relation:

T—o0

R A
lim (2T) /_TX(t)X(t—i—T) At =Ty (r), VreR  (6.21)

Discrete random signal: In the discrete case , the definitions are similar

with t € Z.

o For a discrete random signal X and Y of size N and M respectively,
the correlation matrix is a N x M matrix defined as:

Txylm,n] = E[X[m]Y[n]], Vm,n€Z, (6.22)
Iyy =E[X - YH] (6.23)

e When Y = X, the autocorrelation matrix is :
Iy =E[X X (6.24)
o the autocovariance matrix is:
Cy =E[X X] - E[X] - E[X]# (6.25)

By construction this autocovariance matrix is an Hermitian matrix and
its diagonal is real valued and equal to the variance of the signal:

o%[n] = Cx[n,n] (6.26)

In the case of a wide-sense stationary discrete random signal, the
autocovariance matrix is a Toeplitz matrix:

Cx[m,n] =~vyx[m—n], Vm,neZ. (6.27)

As a consequence, the autocovariance matrix can be diagonalized using
the DFT matrix:

Cy=Fy' A Fy (6.28)
N

where A is a diagonal matrix containing the eigenvalues of C'y given by
the DF'T of its first column:
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In other word
Cy = Fy' - diag(7y) - Fy (6.30)

where diag(7y) is the diagonal matrix containing the DFT of the
autocovariance sequence .

If it exists, the inverse of the covariance matrix W = C~! is called the
precision matrix.

6.3 Fourier transform of random signals

The Fourier transform of a random signal is itself a random signal in the
frequency domain. The statistical properties of the Fourier transform
of a random signal can be analyzed similarly to those of the original
signal.

Power Spectral Density:

For finite time random signal X (t), we define the Energy Spectral
Density is given by:

Sx(v) = |X(v)

i (6.31)

For a (wide-sense) stationary random signal X (t), we define the Power
Spectral Density (PSD) Sy, as:

Sx(v) = lim %E[‘)/(\T(y)ﬂ, Vv ER, (6.32)

where X(v) is the Fourier transform of the truncated signal X (t) =
X(t) rect(%). The power spectral density describes how the power of
the random signal is distributed across different frequency components.

6.4 Wiener-Khinchin theorem

The Wiener-Khinchin theorem states that the power spectral density
Sx() of a wide-sense stationary random signal X(¢) is the Fourier
transform of its autocorrelation function vy (7):

Sx) = [ ax(r)ei dr
R

vx (1) = / Sy (v)el?m™ T du. (6.33)
R

Demonstration:

Consider the truncated signal X, (t) = X(t) rect(%). Its Fourier trans-
form is:
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Xr(v)

/ Xp(t)e 32mvt dt
R

S|

/ X(t)e72mvit dt

Sl

The expected value of the squared magnitude of the Fourier transform
is:

~E[|%20)|] = 1E[% () K70

T
T T
1 Pl ) T
=_FE / X(t)) e d2mvia dtl/ X(ty)el2mviz dt2]
T _T _T
2 2
T T
1 2z 2 . )
=7 / E[X(tl)X(tz)] ei2mviti—ta) d¢, dt,
373
T T
1 P Pl )
=7 / Vx (b, —tg) e772mv(hmta) ) dt,
-37-3

Sl
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VR
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N

dt2)

Taking the limit when T goes to infinity, we obtain the Wiener-Khinchin
theorem.

Sxlw) = Jim 2E[|520)|"]
= T3()

6.5 White noise
A random signal X (¢) is called white noise if its power spectral density
is constant across all frequencies:

Sx(v)=0%, YveR, (6.34)

where 0% is the variance of the noise. This implies that the autocorre-
lation function of white noise is a Dirac delta function:

vx(7) = 0% (1), VT eR. (6.35)

This means that white noise has no correlation between its values at
different times and its covariance matrix is proportional to the identity
matrix.
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Signal to noise ratio: For a signal y(¢) = x(t) + n(t) that is the sum of
a signal of interest x and an additive noise term n, the Signal-to-Noise
Ratio (SNR) is a measure used to quantify the level of the desired signal
relative to the level of background noise. It is defined as the ratio of the
power of the signal to the power of the noise:

P

J,E(Jatt

(0)F)dt
= 1000810 T g
(
(

2) dt

2) dv
BEY

If the noise is white: P, = 02 and the SNR becomes:

0.2

= 20logy, (ZI) (6.37)

3

g E(12(v

=101
0810 f E(‘

; (6.36)

>

v

where o, is the standard deviation of the signal

6.6 Filtering random signal

When a wide-sense stationary random signal X(¢) is passed through
a linear time-invariant (LTI) system with impulse response h(t), the
output random signal Y'(¢) is also wide-sense stationary. The power
spectral density of the output signal Y (¢) can be determined using the
transfer function of the LTI system h. The power spectral density of
the output signal Y'(¢) is given by:

Sy (v) = ‘h/(?)f Sx(v), VveR. (6.38)

Whitening: Whitening is the process of transforming a random signal
so that its power spectral density becomes equal to one across all
frequencies, effectively converting it into white noise. The Whitening
filter w is defined such that:

Sy() = [wl)| Sx(w), vweR

w(v) = (Sx(¥)) (6.39)

For discrete signal the whitening matrix B is the square-root of the
precision matrix:

32



1
Tx

Gaussian process generation: A Gaussian process is a random signal
where any finite collection of samples follows a multivariate normal
distribution. To generate such a Gaussian process with a specified
autocovariance function vy (7), we just need to filter white Gaussian
noise signal n(t) with zero mean and unit variance by the inverse of the
whitening filter.

In the discrete case, with n a white Gaussian noise signal with zero
mean and unit variance, the generated signal is:

z=B'-n (6.41)
And its covariance matrix is:
Cy =E(z zH)

—E(B ' n- (B -n)")

=E(B ! n.-nf.BH)

=B ! E(n -nf) . B H

=—Bl1.BH

—F'. diag(\/?x> .F.-F. diag(\/@) .F

= F~! - diag(¥x)) - F
This process ensures that the generated Gaussian process X (¢) has the
desired autocovariance function

Connection with Principal Component Analysis:

Principal Component Analysis (PCA) is closely related to the whitening
process and provides a complementary perspective on signal decorre-
lation. Indeed, PCA is based on the diagonalization of the covariance
matrix C and for stationary signal this matrix is naturaly diagonalized
by the DTF:

Cy = F 1 diag(x)F (6.42)

Then the principal components are the row of the DFT matrix (some
complex exponentials) corresponding to the highest values of ]'7;(|2
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